In fluid mechanics, a lot of authors have been executing their researches to obtain the analytical solutions of Navier-Stokes equations. But there is an essential deficiency of non-stationary solutions indeed.
Introduction, the Navier-Stokes system of equations.
In accordance with [1] [2] , the Navier-Stokes system of equations for incompressible flow of Newtonian fluids should be presented in the Cartesian coordinates as below (under the proper initial conditions):
where u is the flow velocity, a vector field; ρ is the fluid density, p is the pressure,  is the kinematic viscosity, and F represents external force (per unit of mass in a volume) acting on the fluid; notation u or means a vector field.
Besides, we assume here external force F above to be the force, which has a potential  represented by F = -∇ . As for the domain in which the flow occurs and the boundary conditions, let us consider only the Cauchy problem in the whole space.
Let us search for solutions of the system (1)-(2) in a form of helical or Beltrami flow below:
here we denote the curl field  = (∇×u), a pseudovector time-dependent field (which means the vorticity of the fluid flow);  is variable parameter (which differs from the case  = const, considered in [3] ).
The originating system of PDE for helical non-stationary flow.
Using the identity (u∇)u = (1/2)∇(u 2 ) -u×(∇×u), we could present the Navier-Stokes equations (1)-(2) for incompressible viscous flow u = {u₁, u₂, u₃} as below [4] [5] :
where we will choose  = 1 for simplicity.
The continuity equation (1) let us obtain as below, using (3):
Let us note that the obvious case ∇ = 0 in (5) was explored properly in [3] ; so, the main motivation of the current research is the obtaining a new solution: we wish to explore the case when velocity field u is to be perpendicular to the vector ∇ -such the idea belongs to Dr. G.B.Sizykh, MIPT, (personal communications).
The presentation of time-dependent solutions.
Using Eqs. (1) and (3) , each equations of the 2-nd vector equation of system (4) could be transformed as below
where Bernoulli-function B is given by expression below:
So, we obtain from (7):
Three aforementioned equations of the system (8) 
Let us search for solutions {u, p} of the system of equations (1)+ (7) which should conserve the Bernoulli-function to be the invariant of the aforementioned system:
Solving ODE system for time-dependent components of velocity field.
Taking into account the basic assumption (11), system of equations (7) should be transformed accordingly:
Let us multiply the 1-st equation of system (12) on U, the 2-nd Eq. on V, 3-rd on W
then if we sum all the resulting equations of the system above, we should obtain the proper 1-st integral (invariant) of the system (12):
here {U (t₀), V(t₀), W(t₀)} are the functions, given by the initial conditions.
For the further solving of the system (12), we could use invariants (6) 
If we choose /y = 0, then we should obtain from (6) and (13) Besides, equation (16) can be presented as below:
where equation (17) could be reduced to the appropriate Abel ordinary differential equation (see [6] , example 1.395). Indeed, if for the solutions U(t) of equation (17) we assume λ(t) = U(t)/U′(t), then we could obtain:
The right part of the 1-st of the equalities above is proved to be the proper derivative of the right part of the 2-nd equality [6] ; it yields the appropriate Abel ordinary differential equation.
We should note that the spatial part of velocity of the flow is determined by the invariant (6), which has been obtained by using of continuity equation (1) 
Final presentation of the solution (the helical flows).
Let us present the non-stationary solution {p, u} of helical flow type (3) for Navier-Stokes equations (1)-(2) in its final form (we consider the case /y = 0):
where ρ is the fluid density,  is the potential of external force, acting on a fluid.
The dependence of the component of velocity U with respect to the time-parameter t (/y = 0) is described by the expression (19) below via parameter (t), which is the solution of the Abel ordinary differential equation of the 1-st order (20) with respect to the time-parameter t, as shown below:
where the expressions for {f, g, h} are given in (17) .
The system of Navier-Stokes equations has already been investigated in many researches including its numerical and analytical solutions [7] , even for 3D case of compressible gas flow [8] We have proved that the aforementioned solution exists, when appropriate initial and boundary conditions are provided. Moreover, we suggest the appropriate form of the exact solution in case of the constant Bernoulli-function (11) .
According to our understanding, we could use such the mathematical results as tools For the obtaining of the curl-version of the Navier-Stokes momentum equation (2), we need take the curl from both the sides of Navier-Stokes momentum equation (2) . Let us consider non-stationary helical flows (3), for which the Navier-Stokes momentum equation (2) is proved to be simplified accordingly (see (7) ):
Let us transform equation (7), by using of helical flow assumption (3) as below:
As we can see from equation (21), it describes the correct dynamics of the curl field , which has been obtained from the Navier-Stokes momentum equation (2) where the last equation above states the strong link between spatial parts of the pressure field, the curl field  and coefficient  (x, y, z). In case of variable coefficient  (x, y, z), the term     0 is the essential difference with respect to Eq. (21) .
As for the relevance of this new solution, let us discuss the essential details about the possible physical properties of the aforementioned solution (18)- (20) .
Equation (20) is known to be an Abel ODE of the second kind, a kind of generalization of the Riccati ODE. We also note that due to the special character of the solutions of Riccati-type ODEs [6] , there is the possibility for sudden jumping in the magnitude of the solution at some time t₀ (with restriction on function U(t), which is given in (15) ).
In the physical sense, such the aforementioned jumping of Riccati-type solutions of Eq. U(t) ) at a definite moment of parametric time t₀. This means that there exists a potential for a kind of gradient catastrophe [15] , depending on the initial conditions. Mathematical procedure for reduction of the solution of a type (20) to the appropriate simplifyed Riccati-type solution has been moved to an Appendix.
Conclusion.
The main motivation of the current research is the developing of the investigation of the case of non-stationary helical flows for incompressible Newtonian fluids, the 1st type of which ( = const) was successfully investigated in [3] .
While such a theoretical motivation is of course understood, let us also add that helical flows is very important in some practical problems, for example in wind turbine design etc.
Therefore, we should especially emphasize regarding the significance of the aforementioned helical flows of 3D Navier-Stokes equations: both theoretical motivation, and also practical motivation. Indeed, helical flows are often found in the real engineering problems of flows, which concern the fast rotating of coaxial propellers or air-screws of various types of aircrafts. This is a sound and useful applications of hydrodynamics theory, which illuminate the fact of successive implementation of theoretical developments in a real design of our life as modern reality.
We begin from form of helical flows (3), distinguished by spatial dependence of the coefficient of proportionality  (x, y, z) between velocity and curl field of fluid flow.
The using such the spatially dependent coefficient in analysis of the continuity equation
(1) yields equations (5)- (6) . We should also note that obvious case  = const in (5) was explored earlier in [3] ; so, the main motivation of the current research is the exploring the case when velocity field u is to be perpendicular to the vector ∇ -such the idea belongs to Dr. G.B.Sizykh, MIPT (personal communications).
Then we have obtained conditions (9)-(10) to be valid from the analysis of momentum equation (2) in a form (7)- (8) , which means that gradient of the Bernoulli function ∇B should also be perpendicular to the vector ∇.
We assume for solutions {u, p} of the system of equations (1)+(7) that Bernoullifunction (11) should be invariant for the aforementioned system. Such an assumption simplifies momentum equation to the form (12) , from which we obtain a first integral (invariant) (13) . For further solving of the system (12), we could use invariants (6) and (13) ; then let us consider, for example, the 1-st equation of (12) in a form (14).
For the partial case /y = 0, system (14) could be reduced via presentation of the components V, W (15) to the ordinary differential equation of the 1-st order (16) .
We should note that the spatial part of velocity of the flow is determined by the invariant (6) , which has been obtained by using of continuity equation (1) (x, y, z) ).
Also we should note that since the fluid is incompressible for the development above, there is a strong link between initial conditions and the solution inside.
Besides, final presentation of the components of velocity field as well as pressure field is valid only under special conditions, which restrict the choosing of the form of variable coefficient  (x, y, z).
As we know, ABC-ansatz [16] [17] [18] was published as a solution of the steady problem. In their work, they never realized that its extension is possible also to the non-stationary problem. It was extended for the first time in 1919 in [19] to the non-stationary problem as a time-kinematic viscosity decaying solution; also we should mention the comprehensive article [20] in regard to the non-stationary helical flows with the special kind of the spatial part for the velocity fields as well as the appropriate pressure gradient field.
It should be additionally noted that some mathematical solutions don't reflect physical phenomena and the equation for the force, F, used in the analysis, is valid only for conservative forces [9] . The assumption that the body force F is conservative means its curl is zero which means it is incapable of generating any vorticity. But vorticity, associated with the curl field, is assumed to be arising due to the proper sources of vorticity in the flow of fluids [3] . For example, such the sources could be associated with the solid surface or pressure gradient, influence of viscous forces, Coriolis forces or the curving shock fronts when speed is supersonic.
The stability of the presented solution is not considered. In this respect we confine ourselves to mention the paper [21] , in which all the difficulties concerning the stability of the close-related ABC-flows are remarked. In [21] the nonlinear regime was successfully investigated by Podvigina and Pouquet, who found complicated switching between nonlinear time-dependent ABC states.
The last but not least, we should especially mention the comprehensive modern researches [22] - [24] , where a lot of unknown details concerning the close-related area of helical flows are remarked.
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This study was initiated in the framework of the state task programme in the sphere of where I = (1 second)²; F₇, F₈ are proper coefficients which to be determined as below Let us simplify conditions (A.1) via the expressions for coefficients {f, g, h} in (17) accordingly: 
As we can see from (A.3), each of equations (A.2)-(A.3) has been simplified to only one demand or restriction with respect to the choosing of the form of parameter  (x, y, z):
Thus, equation (20) Thus, by the proper obtaining of re-inverse dependence of a solution from the time t we could present the expression for parameter (t) as below (just for simplicity, let us choose the constants of the solution so that ∆ = 2 in (A.6)):
but we should especially note that solution in (A.6) may change its type from ∆ > 0 to ∆ < 0 due to dependence of  on spatial coordinates {x, y, z}. 
So, we obtain from (19) and (A.7) (see Fig.2 below): 
